JOINTLY HYPONORMAL PAIRS OF COMMUTING SUBNORMAL 
OPERATORS NEED NOT BE JOINTLY SUBNORMAL 



RAUL E. CURTO AND JASANG YOON 

Abstract. We construct three different families of commuting pairs of subnormal operators, jointly 
hyponormal but not admitting commuting normal extensions. Each such family can be used to 
answer in the negative a 1988 conjecture of R. Curto, P. Muhly and J. Xia. We also obtain a 
sufficient condition under which joint hyponormality does imply joint subnormality. 



1. Introduction 

Let H be a complex Hilbert space and let B(TC) denote the algebra of bounded linear operators on 
H. For 5, T G B(H) let [S, T] := ST - TS. We say that an n-tuple T = (T u . . . , T n ) of operators 
on H is (jointly) hyponormal if the operator matrix 



[T*,T] 



[T*,T X ] 
[?2,T 2 ] 



V [T*,T n ] [T*,T n ] 



[T*,T 2 ] 
K,T n ] J 



is positive on the direct sum of n copies of TL (cf. |Athj . |CMX| ). The n-tuple T is said to be 
normal if T is commuting and each Tj is normal, and T is subnormal if T is the restriction of a 
normal n-tuple to a common invariant subspace. Clearly, normal subnormal hyponormal. 
The Bram-Halmos criterion states that an operator T E B(TC) is subnormal if and only the fc-tuple 
(T, T 2 , ...,T fc ) is hyponormal for all k > 1. 

For a = {a n }^L a bounded sequence of positive real numbers (called weights), let W a : i 2 {'L + ) — * 
£ 2 (Z + ) be the associated unilateral weighted shift, defined by W a e n := a n e n+ \ (all n > 0), where 
{e n }^ =0 is the canonical orthonormal basis in £ 2 (Z + ). The moments of a are given as 



7fc = 7fc(«) := 



1 



a 



fc-i 



if k = 
if k> 



It is easy to see that W a is never normal, and that it is hyponormal if and only if ao < ol\ < .... 
Similarly, consider double- indexed positive bounded sequences «k>/3k G '(^+) ; k = (^1,^2) G 
Z 2 ^ := Z + x Z + and let £ 2 (Z^_) be the Hilbert space of square-summable complex sequences indexed 
by Z^_. (Recall that ^ 2 (Z^_) is canonically isometrically isomorphic to ^ 2 (Z + ) (^)£ 2 (Z + ).) We define 
the 2- variable weighted shift T = (T\,T2) by 

Tiek := akek+ej 



T 2 e k := /?kek+ 



s 2 , 
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where e\ := (1,0) and £2 := (0, 1). Clearly, 



T{T 2 = T 2 Ti Pk+eiOik = a k+£2 /? k (all k). (1.1) 



In an entirely similar way one can define multivariable weighted shifts. Trivially, a pair of unilateral 
weighted shifts W a and Wp gives rise to a 2-variable weighted shift T = (Ti,T 2 ), if we let a( fcljfc2 ) := 
a kl and fi( kl ^ 2 j := (3^ (all ki,k 2 £ 2^_). In this case, T is subnormal (resp. hyponormal) if and 
only if so are T\ and T2; in fact, under the canonical identification of £ 2 (Z+) and £ 2 (7j + ) (^)^ 2 (Z_)_), 
T\ = W a 1 and T 2 = I (g) Wp, and T is also doubly commuting. For this reason, we do not focus 
attention on shifts of this type, and use them only when the above mentioned triviality is desirable 
or needed. 

We now recall a well known characterization of subnormality for single variable weighted shifts, 
due to C. Berger (cf. |Conl III. 8. 16]): W a is subnormal if and only if there exists a probability 
measure £ supported in [0, ||W a || ] such that 7fc(a) := a 2 , • ... • c? k _ x = f t k d£(t) (k > 1). If W a is 
subnormal, and if for h > 1 we let M. h ■= \/{e n : n > h} denote the invariant subspace obtained by 
removing the first h vectors in the canonical orthonormal basis of £ 2 (Z + ), then the Berger measure 
of W a \ Mh is M h di(t)- 

An important class of subnormal weighted shifts is obtained by considering measures p with 
exactly two atoms to an d t\. These shifts arise naturally in the Subnormal Completion Problem 
|CuFi3j and in the theory of truncated moment problems (cf. [CuFilj . |CuFi4| ). For to,t\ € R + , 
to < t\, and po,Pi > 0, the moments of the 2-atomic measure £ := po^t + Px&ti (here 5 P denotes the 
point-mass probability measure with support the singleton {p}) satisfy the 2-step recursive relation 
7n+2 = Vo7n + Vi7n+i (n > 0); at the weight level, this can be written as c? n+1 = ^ + (pi (n > 0). 

n 

More generally, any finitely atomic Berger measure corresponds to a recursively generated weighted 
shift (i.e., one whose moments satisfy an r-step recursive relation); in fact, r = card supp £. In 
the special case of r = 2, the theory of recursively generated weighted shifts makes contact with the 
work of J. Stampfli in |Staj . in which he proved that given three positive numbers oq < a\ < it 
is always possible to find a subnormal weighted shift, denoted W( a0tai<a2 y , whose first three weights 
are ao> a i an d a 2- in this case, the coefficients of recursion (cf. CuFi2, Example 3.12], CuFi3, 
Section 3], |Cu3| Section 1, p. 81]) are given by 

ala\{a\ - a\) qj(a|-ag) 

^0 = 9 2 and ^1 = 2 2 ' \ l - Z > 

the atoms to an d ti are the roots of the equation 

t 2 - {ipo + ip x t) = 0, (1.3) 
and the densities po and p\ uniquely solve the 2x2 system of equations 



Po + Pi = 1 ( 
Po*o + P\t\ = «o 

We also recall the notion of moment of order k for a pair (a, (3) satisfying (|l.l|l . Given k G 
the moment of (a, j3) of order k is 



1.4) 

^2 



7k = 7k(a,/?) :-- 



if k = 



a %,0) ' — ' a (k 



1—1,0) ' @(ki,Q) ' ••• ' ^(&i,A;2— 1) ifkeZ- + ,k^0 J" 



We remark that, due to the commutativity condition (|1.1|) . 7k can be computed using any nonde- 
creasing path from (0,0) to (fci,^). 
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Theorem 1.1. (Berger's Theorem, 2-variable case) ( |.TeLu] ) A 2-variable weighted shift T = (T\,T2) 
admits a commuting normal extension if and only if there is a probability measure n defined on 
the 2-dimensional rectangle R = [0, a\] x [0,02] (a, := ||Tj|| 2 J such that 7^ = J/ /? t k (i^(t) := 

II R t k it k 2 2 Mh,t 2 ) (allkeZl). 

Clearly, each component Tj of a subnormal 2-variable weighted shift T = {T\,T2) must be sub- 
normal. For instance, T\ = ®JLoW a (j), where af := so that W a (j) has associated Berger 
measure dt>j(t\) := * - Jj a ^ t^d^n (^2), where dn(ti,ti) = d^t 1 (t2)dn(ti) is the canonical disin- 
tegration of fi by horizontal slices. On the other hand, if we only know that each of Ti, T2 is 
subnormal, and that they commute, the following problem is natural. 

Problem 1.2. (Lifting Problem for Commuting Subnormals) Find necessary and sufficient condi- 
tions on T\ and T 2 to guarantee the subnormality o/T = (T\,T2). 

It is well known that the above mentioned necessary conditions do not suffice fcf. |Culj ). In terms 
of the marginal measures, the problem can be phrased as a reconstruction-of-measure problem, that 
is, under what conditions on the single variable measures {ia/}^L and {wi}^ associated with T\ 
and T2, respectively, does there exist a 2-variable measure fi correctly interpolating all the powers 
t kl t k 2 * {kx,k 2 >0). 

To detect hyponormality for 2-variable weighted shifts, there is a simple criterion involving a base 
point k in T? + and its five neighboring points in k + at path distance at most 2 (cf. Figure 

Theorem 1.3. / |(Jul| ) (Six-point Test) Let T = (Ti,T 2 ) be a 2-variable weighted shift, with weight 
sequences a and j3. Then 

[T*,T] >0 & (([T/^ek+^ek+eJ)^ > (all k G Z%) 
# ( a l +£l " ^ a a * +£ i k+£l "^ k/?k ) > (all kGZU 



(ki,k 2 +2} 



(fci,fc 2 + l> 



3k 1 ,k 2 +i 

a k 1 ,k 2 + l 



<fci + l,k 2 + 1) 



Qfei + l,fc 2 



(fei,fc 2 ) (fci + l,fc 2 ) (fei+2,fe 2 ) 



Figure 1. Weight diagram used in the Six-point Test 

Unlike the single variable case, in which there is a clear separation between hyponormality and 
subnormality (cf. CuFi3j, |Cu3j . |CuLej ). much less is known about the multivariable case. In 
this paper we will construct three conceptually different families of counterexamples to the following 
conjecture. 
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Conjecture 1.4. f |CMX| ) Let T= (T±,T2) be a pair of commuting subnormal operators on TL. 
Then T is subnormal if and only if T is hyponormal. 

We mention that M. Dritschel and S. McCullough, working independently, have been able to 
obtain a separate example (.DrMcC!)- We shall see in Section 0] that their example is a special case 
of a general construction that produces nonsubnormal hyponormal pairs with T\ = T2. 

We now formulate an improved version of a result due to the first-named author. 

Proposition 1.5. (Subnormal backward extension of a 1-variable weighted shift) (cf |Cu2j ) LetT be 
a weighted shift whose restriction T_m to M := V{ei, C2, ■ ■ ■ } is subnormal, with associated measure 
f^M . Then T is subnormal ( with associated measure \x) if and only if 

(i) 

(*; ^(IliLW -1 

In this case, dfj,(t) = ^fdfj,^i(t) + (1 — «q H^H^i^^M^o^)? where 5q denotes Dirac measure at 0. 
In particular, T is never subnormal when /Am({0}) > 0. 

Proof. =^) We first observe that the moments of T and Tvj are related by the equation 

7fc+i (T) 



M, 



2 2 

a i • • • <* k 



so that 



i J t k+1 d^(t) = J t k dii M {t) (all k > 0), 



that is, td[i(t) = a^d^Mi^)- It follows at once that 



d/j,(t) = XdS (t) + ^-dfi M (s) 



where A > 0. Since f dfi = 1, we must have j G L 1 ( / u^) and ag HtII^i^^) ^ 1- Finally, it 

t\\L^{n M ))- 



is 



straightforward to verify that A = (1 — " 1 



=) Let 



On 



d/x(t) := -^d/i M (t) + (l-a^ 



)<**>(*). 



By hypotheses, is a positive Borel measure on [0, ||T|| 2 ]. Moreover, 



dfi = a J -dfiM + (1 — «o 



i 1 (MAl) 



(f£ = 1, 



and for A; > 1, 



/t fc d//(t) = + (1 - a 2 , 7 ) ft k d5 (t) 



«o / * fc 1 dnM(t) = a^k-l( T M) = lk{T). 



Therefore, T is subnormal, with Berger measure \i. 
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□ 



Notation 1.6. The maximum possible value for ao in Proposition 11.51 namely (HiH^i^^)) S wm 
be denoted by a ex t = a ex t{^M)- More generally, given a (1-variable) subnormal weighted shift W v 
with weight sequence r]i < r/2 < ••• and Berger measure v, we let 

(WWW))- 1 ■ 

Observe that when the weight sequence rj is strictly increasing and \ G L l {v), we must necessarily 
have rj ext < 771, by |Sta| Theorem 6]. On occasion, we will write shift(ao,ai,...) to denote the 
weighted shift with weight sequence {ak}^L - We also denote by U+ := shift(l, 1, ...) the (un- 
weighted) unilateral shift, and for < a < 1 we let S a := shift{a, 1, 1, ...). Observe that the Berger 
measures of U + and S a are 8\ and (1 — a 2 )5o + a 2 <5i, respectively, where 5 P denotes the point-mass 
probability measure with support the singleton {p}. Finally, we let B + denote the Bergman shift, 
whose Berger measure is Lebesgue measure on the interval [0, 1]; the weights of B + are given by the 

formula a n := (n > 0). 

We conclude this section with a result that will be needed in Section |2J 

Lemma 1.7. (cf. CuFi3, Theorem 3.10],) For < ao < ct\ < 02, let W( a0jaijOl2 y be the weighted 
shift described by M.2\) . M. 6 J\) and [!.$ ■ Consider now W v := shift(cti, «2, ■■■), that is, is the 
restriction of Wf aQj0llt0 , 2 y to M.. Then rj ext = «o- 

Acknowledgment. All the examples, and the basic construction in Section |2] were obtained using 
calculations with the software tool Mathematica Wol . 




2. The First Family of Counterexamples 

Construction of the family. Let < a, b < 1 and let {6c}/?Lo an d {Vk}kLo be two strictly 
increasing weight sequences. Consider the 2-variable weighted shift T = (Ti,T2) on £ 2 (Z^_) given by 
the double-indexed weight sequences 



and 



where and W v are two single- variable subnormal weighted shifts with Berger measures v and u, 
resp., and 

am = b£ (2.3) 

(to guarantee the commutativity of T\ and T2 (|1.1|) ). T can be represented by the following weight 
diagram (Figure EJ). It is then clear that T\ and T2 are subnormal provided a < ^extiyM) and 
b < iJ ex t(LL>M)i where, as usual, M. := V{ei, e2, • • • }; in particular, a < £1 and b < r\\. 

Proposition 2.1. The 2-variable weighted shift T defined by \2. 1\) and \2.2}) is subnormal only if 

I f 2 f 2 ri 2 

a < s, where s := < / c2 2 ,1$$ d 1 ■ 

5 



(0,n) 
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(0,0) (1,0) (2,0) ••• (n,0) (n + 1,0) 



Ti 



Figure 2. 



Proof. Suppose that T above is subnormal, and let [i be the associated Berger measure. Then 
the following partial moment matrix M, corresponding to the moments of /i associated with the 
monomials l,s,t and ts, must be positive semi-definite: 



/ 


1 


a 2 


b 2 


a 2 r, 2 \ 




a 2 




a 2 r] 2 






b 2 


a 2 Vo 


b 2 V 2 




V 


a 2 r]l 









6 



Now, using Mathematica we obtain 
det(M) > 

6 4//- 2 t2\r 2 2\r 2t-2 2 2f2 2 2t-2 2 , /-2a2 2\ ^ n 

2t-2 2 2t2 2 2t2 2 , ^2^2 2 \ n 

«. < / 115 

□ 

Proposition 2.2. T/ie 2-variable weighted shift T defined by \2.1]) and \2.2]) is hyponormal if and 
only ifa<h, where h := £o\ Li Ji%f° ■ 

Proof. Prom the definition of T and the Six-point Test (Theorem I Qj) , it is clear that all we need is 
for the following matrix to be positive semi-definite: 



L ■- I - ' 2 l2 



£ r?o - ab rj(- b 



Observe that 



detL > O tfni - i{b l - - a z r]f + 2a6£ r/o > 

2 2 

^ - £i 2 ^r " £o?7o - aWi + 2a 2 ^ > (using 6£o = a m O) 

so 

n 2 < £o(£ 2? 7i ~ £ 2f 7o) __ i 2 

Thus, a < h is clearly a necessary condition for the hyponormality of T. Now, a straightforward 
calculation shows that h < £i; for, 



t2 _ r Z _ WUVVL Mjy ^ r> 

>1 ^2„2 i ^2„2 o^2„2 ^ 



qgfo 2 -fr 2 ) 2 

e V 2 + cfr/o 2 - 2^ 2 



It follows that a < h implies a < £i, and therefore L > by the Nested Determinant Test Atk . 
Thus, the condition a < h is also sufficient for the hyponormality of T, and the proof is complete. □ 

It follows from Propositions 12.11 and 12.21 that to ascertain the existence of a nonsubnormal, hy- 
ponormal 2-variable weighted shift T (with T\ and T 2 subnormal), it suffices to show that for ap- 
propriate choices of £01 £i> Vo and T71, it is possible to obtain s < h, while keeping a < ^extiyM) an d 
b = ^ <ri ext (oj M )- Now, 



Therefore, it suffices to prove the existence of strictly increasing weight sequences and {rjj} such 
that 

(i) a < h (hyponormality of T) 

(ii) a > s (nonsubnormality of T) 

(iii) a < ^extiyM) (subnormality of T\) 

(iv) a < s 2 := ^Vexti^M.) (subnormality of T 2 ). 



We now seek to determine the relative positions of h, s, S2, £o, textiyM) and £1 in the positive real 
axis. 

Claim 1: £ < £, e xt{ u M)- This is straightforward from the fact that shift{£o,£i, ...) is subnormal. 
Claim 2: £ < s. For, 

Co " 



e 2 



Claim 3: s < £\. For, 



« + e vi - e v 2 
thug - e ) 



> 0. 



> 0. 



Claim 4: h < £i 

Claim 5: s < S2 whenever t/q < u 



This was established in the proof of Proposition 12.21 



si 



f 2 

SO 2 
^0 



— , where //, 



VextivM)- For, 



It then follows that s 2 — s > Co 7 ? 27 ? 2 ~~ ^oKiO/i ~~ ^e) + Co 7 ? 2 ] > 0, as desired. 
Claim 6: h < S2 whenever i]q < v : 
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h 2 



e?(^-^) + 2eg7 ? g-V(^-^)(^(7 ? ;-7 ? g)+4$g^(^-$g)) 

e 2 {« - Ki 2 (^ - Vl) + 2£ 2 « + e 2 «} 



Since 



it follows that h < S2 if and only if the quadratic form 

q(t) = At 2 +Bt + C 



f t 2 



-2 2 2 



is nonnegative. Since A and C are positive, and B is negative, we need to study the discriminant, 
A := B 2 - AAC. Now, 



-4 2 



2\2n 



we 



is 



so A > ^ Hfvl ~ V 2 e (2e ~ tl? > 0. Since i\r, 2 - rj 2 ^ 2 - = tfivf ~ r, 2 e ) + ~ Co 2 ), 

see that A is always positive. We conclude that q > on the interval [0,ii], where t\ := B 2 jf^ 
the leftmost zero of q. Finally, a straightforward calculation shows that t\ = v. 
We now summarize what we have so far. For t]q < min{u, v} we have 

£0 < s < h < s 2 

iext{vM) < 

Thus, if we can ensure that h < ^exti^M)^ the construction of the example will be complete by taking 
a such that s < a < h. Now, since h < sg, an easy way to accomplish this is to build shift(£o, £1, ...) 
in such a way that ^extiyM) — s 2- To do this, we appeal to Lemma [1.71 that is, we first build 



a 2-step recursively generated weighted shift whose first three weights are S2, £1 and £2, and we 



then consider the shift W> 



where £3 is given by £3 := 



r" 

IF 



+ tpi obtained from the equation 



74 = (fol2 + ^173- Observe that the extremal value of W^ ^^y is s 2 , and that £0 < s 2 , so the 
subnormality of W^ (Ci.6,6)* * s guaranteed. This completes the construction of the example. 

Theorem 2.3. Let T = (Ti,T 2 ) be the 2-variable weighted shift defined by \2. 1\) and let 



h:=£ 



s r- 



S2 ■= ^Ve, where rj e = rj ext {uJM), 



u :- 



~ptt73 — ~ot—pt-o, ana 



v ■ W ■ 

Assume further that, as above, S2 = ^exti^M) an d Vo — niinjtt, v}. Finally, choose a such that 
s < a < h. Then 

(i) T 1 T 2 =T 2 T 1 ; 

(ii) T\ is subnormal; 
(hi) T2 is subnormal; 

(iv) T is hyponormal; and 

(v) T is not subnormal. 

Example 2.4. For a concrete numerical example, let du>M(t) := 2cZi on 1], so that || jH^i^^) = 
2 In 2. It follows that r] e = ij ext (uJM) = y r 2 \^2 and ^ l = ^ow ^ a ^ e £0 := \ and £1 := ^- Then 



4(2 In 2-1) 



0.647 and i? 



I 61n2-2-^2\/(3 In 2-2)^/(6 In 2-1) 



In 2 



0.523, so we can take 770 := 5 



With this choice of 770 we obtain s = ¥jr = 0.707, h 



1 /n 

2V 5 



0.742 and S2 = rj e 



0.849. 



2 - „.,.„- 2 y 5 - ^ ^ - ,, e - 

We can then take a £ (s, /i], for instance a := 0.72. To build the weighted shift W% we start with s 2 , 

1 / 16 in 2-5 ~ L985 _ The 



1^21772 and ^1 = HtTtI- This S ives & - o \/ ThTTJ^T" 



1 



£1 and £2 := V% to obtain 
2-atomic measure um f° r ^(6.6,6)* nas & to m s to — 0.659 and ti = 3.93 and densities po = 0.981 
and p\ = 0.019. With these values we can compute || jH^ir^) 



1.494; observe that £0 



< 



0.818. By Proposition 11.51 the measure associated to shiftfo, £1, £2, •••) 
is du(t) = ±( Po d5 to (t) + P idS tl (t)) + (1- i \\j\\ L i {vM) )dS (t). 

3. The Second Family of Counterexamples 

Recall that a unilateral weighted shift W a is subnormal if and only if there exists a probability 

. . Q 2_ 1 = d£( t ) (jfe> 1). For 



measure £ = £ Q supported in [0, ||W a || ] such that 7fc(a) := a 
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instance, when a\ = a>2 = ■ ■■ = 1 (i.e., W a = shift(ao, 1, 1, •••)), we have £ a = (1 — afySo + a o^l- 
The proof of the following lemma is straightforward. 

Lemma 3.1. Given two 1-variable weight sequences a and (5, the 2-variable weighted shift 
(W a L, I Wp) is always subnormal, with Berger measure \i := £ a x £p. 

Definition 3.2. Let /J, and v be two positive measures on R + . We say that [i <v on X := R + , if 

fJ>{E) < K-^) / or a M Borel subset E C R + ; equivalently, \i < v if and only if J fdfi < J /cfe/ /or all 
f G C(X) suc/i that f > on R + . 

Definition 3.3. -Let fi be a probability measure on X x Y , and assume that j G T/ie 
extremal measure /i eX f (which is also a probability measure) on X x Y is given by d/j, e xt(s,t) := 
(1 1 d M ( s ,i). 

Example 3.4. Let B + be the Bergman shift on t 2 (Z + ) and let M = Mi := \J{ei,e 2 , ■■■}. The 
shift -B+|x is subnormal, with Berger measure dfi(t) := tdt on [0,1]. Then d/i ex t(t) = dt, so the 
extremal measure fx ex t is the Berger measure of B+. 

Definition 3.5. Given a measure /j, on X xY, the marginal measure fj, x is given by fj, x := [loir^ 1 , 
where ttx '■ X x Y — > X is the canonical projection onto X. Thus, fi x (E) = fi(E x Y), for every 
E C X. Observe that if fj, is a probability measure, then so is fj, x . 

Lemma 3.6. Let fx be the Berger measure of a 2-variable weighted shift T and let v be the Berger 
measure of shift(aoo, (Xio> ...). Then v = fx x . As a consequence, JJ f(s) dfx(s,t) = J f(s) dfi x {s) 
for all f G C{X). 

Proof. Observe that J s l dv(s) = 7^0 = JJ s % dfx(s,t) for all i > 0. It follows that J f(s) dv(s) = 
JJ f(s) dfx(s,t) for all / G C(X). Then, for any Borel set E C X, we have 

v(E) = J \ E dv = JJ xexY dfi = fi(E xY) = fx x (E), 

as desired. The second assertion follows immediately from what we have established. □ 

Corollary 3.7. Let fi be the Berger measure of a 2-variable weighted shift T. For j > 1, let 

dfij(s,t) := —Pdfi(s,t). Then the Berger measure of shift(aoj,a\j, •••) is Vj = fx x . 

Example 3.8. Let fx := £ x r\ be a probability product measure on X x Y . Then fi x = £. 

Lemma 3.9. Let fx and u be two measures on X x Y, and assume that fx < u. Then fx x < lo x . 

Proof. Straightforward from Definition 13. 51 □ 

Proposition 3.10. (Subnormal backward extension of a 2-variable weighted shift) Consider the 
following 2-variable weighted shift (see Figure^), and let A4 be the subspace associated to indices 
k with k% > 1. Assume that T_m is subnormal with associated measure lxm an d that Wq := 
shift(ctoo, aio, • • • ) is subnormal with associated measure v. Then T is subnormal if and only if 
(1) i G L 1 (fx M ); 

r«; /^(iiiiL^r 1 ; 

(Hi) Poo \\j\\ l i ( ^ m) (^M)f xt 

Moreover, if Poo\\j\\ L i^ M ) = 1, then {ll m ) 

x xt — v. In the case when T is subnormal, the Berger 

measure fx of T is given by 



dfx(s,t) = Plo 



d(fiM)ext(s,t) + (du(s) - PIq 



10 



d{^M)ext(s))d5o{t). 
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Figure 3. Weight diagram of the 2-variable weighted shift in Proposition IH.lOl 



Proof. (=>-) First, observe that the moments of T and Tm are related as follows: 

7k+£2 (T) = ^ 7k(T^) (all k G Z 2 + ), 
so under the assumption that T is subnormal we must have 

/•V'//'H*./. = ff sH j+1 dfM(s,t) = 7vj+i(T) = /&7y = // dn M (s,t). 

Thus tdfi(s,t) = (3Q Q dfi_M(s,t) and hm(E x {0}) = for all -E C X. It follows at once that 

- dfx M (s,t) = if - d/i M (s,t) = -3- f -tdfi(s,t) 
t J J(t>0) * Poo J J(t>o) 1 



i/x((t > 0)) < 
MOO ^oo 
11 



which establishes parts (i) and (ii). As for part (iii), let E C X and F C Y be two arbitrary Borel 
sets. Then 



Poo 



l x {hm) 



$)0 



(l-6o(t))-||i 



1 



-dfl M (s,t) 



Ex(F\{0}) 



lpi dfi M (s,t) = fi M (Ex(F\ {0})) 



< v(ExF), 

and by Lemmas 13.91 and 13,61 /9qo ||j || T ,if„ k ^ (mm) 



'oo IIIIIl 1 ^) ^ M >^t < ^ 



Poo || T 1 1 1,1 u M ) = ^ » * ne inequality in (j3.2j) becomes an equality, and therefore (/x ■ • 5 x 



(3.2) 

Finally, observe that when 
M)ext = V- 



Assume that (i), (ii) and (iii) hold, and let 



H :=0 { 



oo 



{HM)ext\ x ^0- 



J oo Ut\\L l (uM) ~~ ^' then fj, := (fJ>M)ext, since the total mass of the second summand is 
zero. We now compute the moments of fi and verify that they agree with the moments of T. If 
j > 0, then 



Of course, if 0k 11 



sH j d/i(s, t) 



Poo 
Poo 



1 


IJ 


7 




i 


II 


t 





sH j d(fi M )ext(s,t) 



sV(l-5 (t))- 



-dfi M (s,t) 



ffio / / sV- 1 dfi M {.s,t) = ^ 2 o7(i,i-i)(TM) = 7(i,i)(T), 



as desired. When j = 0, we have 



s l d//(s, i) 



00 



+ / a < d(z,-/3 2 



00 



S 1 d(nM)ext(s,t) 

(MM)£t)(s) 
s l d(//x)^. t (s) 



A' 



+ / s* di/(s) - A 



00 



1 


/ 







d{n M )ext{ s ) 



□ 



(using Lemma 1.3.61 for the first term) 
s* dv(s) = lm (T), 

as desired. It follows that T is subnormal, with Berger measure \i. 

We are now ready to exhibit our second family of counterexamples to Conjecture 11.41 Consider 
the 2-variable weighted shift given by Figure |1J where max{y,x, ^} < 1. 

Proposition 3.11. The 2-variable weighted shift T given by Figure ^] is hyponormal if and only if 
y <min{f,x^^g^}. 
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Figure 4. Weight diagram of the 2-variable weighted shift in Propositions 13. ill and l3~T21 

Proof. By the Six-point Test (Theorem I1.3JI . to show the joint hyponormality of T it is enough to 
check that 

\ -f- -yx 1 - y z J 
Since x < 1, the positivity of H is equivalent to det H > 0, i.e., 

(l-. 2 )(l- y 2 )>(^- y *) 2 , 



which in turn is equivalent to y < xy x $_l a 5 X x i +a 4 (observe that x 2 — 2a? x 2 + a A = x 2 (l — x 2 ) + (x 2 — 
a 2 ) 2 > 0). ' □ 

Proposition 3.12. The 2-variable weighted shift T given by Figure^is subnormal if and only if 

13 



Proof. From Figure 01 it is obvious that Tm = (S a <8> 1,1 <S> (recall that S a := shift(a, 1, 1, ...) 
and £/+ is the (unweighted) unilateral shift). By Lemma f3.ll Tm is subnormal, with Berger measure 
fj,M := [(1 - a 2 )5 + a 2 Si] x 6%. By Proposition 13.101 

1 



T is subnormal <^ j3 { 



(/A 



< 1/ 



4^ y 2 [(l - a 2 )£ + a 2 5i] < (1 - x 2 )<5 + x% 
44> y 2 (l — a 2 ) < 1 — x 2 and ay < x 

-X 



O y < min{- 



1 



1 



-}• 



□ 



We summarize the results in Propositions 13. Ill and l3~T2l as follows. 

Theorem 3.13. The 2-variable weighted shift T given by Figure^ is hyponormal and not subnormal 
if and only if x > a and 



1-T 2 ^ 



x4l^2a^ ( see Fmre\3). 




Figure 5. Regions of hyponormality and subnormality for the 2-variable weighted 
shift in Theorem 13.131 



Remark 3.14. As exemplified in Figure observe that for x > a, \ \— ^ < X\i 2 . \ x l $ $ < f ; 
for, if a < x we have 

4 ^ 22,2,4 o 2 2 ^ n 2\ 2 

a < ax^x+a— 2ax<{\ — a)x 

1 - x 2 x 2 (l-x 2 ) 

=>• < — 

1 — a 2 x 2 + a 4 — 2a 2 x 2 ' 



and 



a 2 (l-a 2 ) < x 2 (l - a 2 ) => a 2 + aV < x 2 + a 4 
=> a 2 (l-x 2 ) < x 2 + a 4 -2a 2 x 2 
x 2 (l — x 2 ) x 2 



+ a 4 — 2a 2 x 2 



as desired. 



4. The Third Family of Counterexamples 



Construction of the family. Let us consider the following 2-variable weighted shift (see Figure 
HJJ), where 

(i) 0<£i <&<..- <&/•!; 

ii) := shift(^i,^2, •••) is subnormal with Berger measure v; 

iii) —j G L 1 ^) (this implies that jj G L 1 ^), by Jensen's inequality); 

iv) i e = ^ xt :={j\dv{s))- 1 ^ 

v) g<^(/^( S ))-V2 ; 

vi) 6 < £ 2 (this implies the condition 6 < £ e ); and 



(4.1) 



vn 



a 2 <^. 



(Recall that £ e is the maximum possible value for £0 in Proposition II. 51 ) 

Observe that T\ = T2 and that T1T2 = T<{F\. We claim that T\ (and therefore T2) is subnor- 
mal. For, the choice of £ e immediately implies that shift(£ e , £i,£2> •••) is subnormal, with Berger 
measure du e (s) := ^f-du(s) (cf. Proposition 11.5)1 . Another application of Proposition 11.51 shows 
that shift(a, £ e , £1, ...) is subnormal if and only if 1 € L 1 (i/ e ) (i.e., G L l (v), which is true by 
(|4.1J) (iii)) and a 2 £ 2 J \dv{s) < 1, which holds by (|4.1[) (v)). This implies that the restriction 
of T\ to V{ e (i,o) : * — 0} is subnormal. Moreover, the subnormality of T\ when restricted to 
V{ e (ij) : * — 0} (i > 0) requires that 6 < £ e , which holds by (|4.1jl fvi). 

For a concrete numerical example, consider the probability measure du(s) := 3s 2 ds on the interval 
[0,1]. The measure v corresponds to a subnormal weighted shift with weights £1 = w §, £2 = 



£3 = ••• ; indeed, in this case is the restriction of the Bergman shift B+ to the invariant 
subspace M2 obtained by removing the first two basis vectors in the canonical orthonormal basis of 
£ 2 (Z + ). Clearly 4j G L 1 ^), and J j 7 dv(s) = 3; moreover, J -di'(s) = |, so in this case £ e = 



Choosing a 



and 6 = a / h we see that all conditions in 1)4.1 J) are satisfied (cf . Corollary U 



Proposition 4.1. The 2-variable weighted shift T given by Figure\Qis hyponormal. 

Proof. Since the restriction of T to V{ e («,j) : hj > 1} is clearly subnormal (being unitarily equivalent 
to W% 1, 1 Wf), and since the weight diagram of T is symmetric with respect to the diagonal 
j = i, it suffices to apply the Six-point Test ( Theorem 11.3)1 to k = (i,0), with i > 0. 
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Figure 6. Weight diagram of the 2-variable weighted shift in Example 19 



Case 1: k = (0,0). Here we have 

" " " ° 2 ^ > 0^(£ e 2 -a 2 ) 2 >(6 2 -a 2 ) 2 



e e ~a 2 b 2 -a 2 
b 2 -a 2 e e ~a 2 



O &-a 2 > \b 2 -a 2 \ 



When b < a, the last condition is equivalent to 2a 2 < b 2 + £ 2 , which holds by (|4.1I) fvii) . When 
b > a, the condition is equivalent to £ e > b, which is guaranteed by (|4.1[) (vi). 
Case 2: k= (1,0). Here 

t2 _ a gb 

s 



¥-bt e n-b 2 ) - ^ seASl 

b 2 



& ei-b 2 >(ei-e e )T2^b<^ 
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which again is guaranteed by (|4.1jl (vi). 
Case 3: k = (n + 1, 0) (n > 1). Here 

c2 _ t2 gn+l fe _ H& 
?n+l ?n § e § e 



> 



<^> u n+ i - sjui - -P2~) - T~> 



- a m - e n+1 b 2 ) ^ n 

T2 ^ 

se 

^ b< (for all n > 1). (4.2) 

Since the sequence {£ n } increases to 1, the last inequality in Q4.2|) is equivalent to b < £i£ e , which 
holds by jHU(vi). 

The proof is now complete. □ 

Proposition 4.2. The 2-variable weighted shift T given by Figure\Qis not subnormal ifp < 0, where 
p : = + 4a 2 b 2 g - b 2 df - a 2 b 2 e e - a 2 b 4 - 2a 2 tf. 

Proof. Assume that T is subnormal, and consider the moment matrix associated to the monomials 
1, x, y and yx (cf. |CuFi4| . |CuFi5| ). that is, 



M 



a 



/ 1 a 2 a 2 a 2 b 2 \ 

a 2 H a 2 b 2 a 2 b 2 i\ 

a 2 a 2 b 2 a 2 i 2 e a 2 b 2 i\ 

\ a 2 b 2 a 2 b 2 i 2 a 2 b 2 i 2 a 2 b 2 ^ ) 



In the presence of a representing measure, it is well known that M must be positive semi-definite, 
so in particular det M > 0. Now, a straightforward calculation shows that 

detM = a% 2 {£ - b 2 ) (£ e 2 ^ - f e a 2 b 2 - 2a 2 tf ~ b 2 £ + 4a 2 6 2 £ 2 - 6 4 a 2 ) = a% 2 (£ e 2 ~ b 2 ) p. 

It follows that p > 0. Therefore, T is not subnormal whenever p < 0, as desired. □ 



Theorem 4.3. Let a > be such that \J~& < a < \j and a < ^-(f ^ I dv(s)) x l 2 , and define b := 

\/2a 2 — £f . Then the 2-variable weighted shift T = (T\,T2) satisfies \4-l\) (i)-(vii), is hyponormal, 
and is not subnormal. 

j j-<2 

Proof. Observe that the condition y %■ < a guarantees that 2a 2 > £ 2 (so b is well defined), and 

that the condition a < \J ^' e ^ e is equivalent to 2a 2 — £ 2 < £f (so b satisfies ()4.1(l (vi)). Moreover, 

a 2 = b ^ e trivially, so l|4.1|) (vii) also holds. It follows that T is hyponormal, by Proposition 14.11 
To break subnormality, by Proposition 14. 21 it suffices to show that p is negative. Since b 2 = 2a 2 -e e , 
we have 

p = &f ~ e e a 2 (2a 2 - £ e 2 ) - 2a 2 ^ - (2a 2 - £ 2 )s1 + 4a 2 (2a 2 - ~ (2a 2 - gfa 2 
= -2(^ 2 -a 2 ) 2 (2a 2 -a<0, 
as desired. The proof is now complete. □ 
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Corollary 4.4. |DrMcCj Xe^ dv(s) := 3t 2 ds on [0, 1] and choose a = J | and 6 = w|. T/ien i/ie 2- 
variable weighted shift T given by Figure\^is commuting, has subnormal components, is hyponormal, 
but is not subnormal. 

Proof. By Theorem 14. 31 and the comments preceding Proposition 14. 11 it suffices to verify that y^f < 
a < y ^ e t^ e . Since £ e = */§ and a = -v/i, the result follows by a straightforward calculation. □ 



5. An Instance When Hypo-normality Suffices 

In this section we will prove that under a suitable condition hyponormality does imply subnormal- 
ity for commuting pairs of subnormal operators. We begin with an elementary result of independent 
interest. 

Lemma 5.1. Let v be a probability measure on [0,1], and let j n = J n (v) := / s n du(s) (n > 0) be 
the moments of v. The sequence {7n}$£=o ^ s bounded below if and only if v has an atom at {1}. 

Proof. (-4=) Let p := f ({1}) > and write v = (1 — p)n + p5\, where r/ is a probability measure 
on [0, 1] with r]({l}) = 0. It follows that 7 n (^) > p J s n d5i(s) = p (all n > 0), so {~f n } is bounded 
below by p. 

(=>) Suppose ^({1}) = 0, let f n (s) := s n (0 < s < 1, n > 0), and consider the sequence of 
nonnegative functions {f n }n>o- Clearly f n \ X{i} pointwise, and \f n \ < 1 (all n > 0). By the 
Lebesgue Dominated Convergence Theorem, lim n ^oo j n = lim n ^oo J s n dv(s) = lim n _+oo s n dv(s) = 
z/({l}) = 0. Therefore, {7 n } is not bounded below. □ 

We now consider the 2-variable weighted shift T given by Figure[7|), where Wg := shift(£o, £i, • • • ) 
is a subnormal contraction with associated measure u, and y < 1. 

It is clear that T1T2 = T2T1, and that T\ is subnormal (being the orthogonal direct sum of 
and copies of f7+). To ensure the subnormality of T2, we must impose the condition -h= < 1 (all 

n > 0), i.e., y 2 < 7„ (all n > 0), where 7„ = 7n(^)- Notice that this condition also guarantees the 
boundedness of T. 

Theorem 5.2. Let T be the 2-variable weighted shift given by Figure and assume that T is 
hyponormal. Then T is subnormal. 

Proof. We apply the Six-point Test ( Theorem II .3|) to an arbitrary lattice point of the form (n, 0). 
Since T is hyponormal by hypothesis, we must have (Cn+i ~ £n)(l ~~ — ( ~^r= — "^f") 2 ' or 

equivalents (^ +1 - ^)(1 - £) > £(£ - tn)\ that is, y 2 < ( g fr^"_ 2 )7»- Since £ + ^ - 2 > 

and f n+l ~f n = 2 %£#-r 9 , it follows that f n+ l? n < 1, so < y 2 < ln (all n > 0). 

Thus, {7^} is bounded below, and by Lemma l5~Tl we can write v = (1 — p)ry + p^i, with p := ^({1}) 
and r/({l}) = 0. It follows that y 2 < p. Thus, y 2 b~i < v. By Proposition 13. lUl T is subnormal. □ 

Remark 5.3. Theorem 15.21 (and its proof) reveals that for the 2-variable weighted shift given by 
Figure [3 the subnormality of T2 is equivalent to the subnormality of T, which in turn is equivalent 
to the hyponormality of T. 
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Figure 7. Weight diagram of the 2-variable weighted shift in Theorem 15.21 



References 

[Ath] A. Athavale, On joint hyponormality of operators, Proc. Amer. Math. Soc. 103(1988), 417-423. 
[Atk] K. Atkinson, Introduction to Numerical Analysis, Wiley and Sons, 2nd. Ed. 1989. 

[Con] J. Conway, The Theory of Subnormal Operators, Mathematical Surveys and Monographs, vol. 36, Amer. Math. 
Soc., Providence, 1991. 

[Cul] R. Curto, Joint hyponormality: A bridge between hyponormality and subnormality, Proc. Symposia Pure 
Math. 51(1990), 69-91. 

[Cu2] R. Curto, Quadratically hyponormal weighted shifts, Integral Equations Operator Theory 13(1990), 49-66. 
[Cu3] R. Curto, An operator-theoretic approach to truncated moment problems, in Linear Operators, Banach Center 

Publ., vol. 38, 1997, pp. 75-104. 
[CuFil] R. Curto and L. Fialkow, Recursiveness, positivity, and truncated moment problems, Houston J. Math. 

17(1991), 603-635. 

[CuFi2] R. Curto and L. Fialkow, Recursively generated weighted shifts and the subnormal completion problem, 
Integral Equations Operator Theory 17(1993), 202-246. 

19 



1 


1 


1 




1 




1 

1 


1 

1 


1 

1 




1 

1 
















1 

1 


1 

1 


1 

1 




1 

1 




1 

1 


1 

1 


1 

1 




1 

1 




V 

Co 


V 

£o 


y 
£o£i 

6 




V 





[CuFi3] R. Curto and L. Fialkow, Recursively generated weighted shifts and the subnormal completion problem, II, 

Integral Equations Operator Theory, 18(1994), 369-426. 
[CuFi4] R. Curto and L. Fialkow, Solution of the truncated complex moment problem with flat data, Memoirs Amer. 

Math. Soc. no. 568, Amer. Math. Soc, Providence, 1996. 
[CuFi5] R. Curto and L. Fialkow, Solution of the singular quartic moment problem, J. Operator Theory 48(2002), 

315-354. 

[CuLe] R. Curto and W.Y. Lee, Towards a model theory for 2-hyponormal operators, Integral Equations Operator 
Theory 44(2002), 290-315. 

[CMX] R. Curto, P. Muhly and J. Xia, Hyponormal pairs of commuting operators, Operator Theory: Adv. Appl. 
35(1988), 1-22. 

[DrMcC] M. Dritschel and S. McCullough, private communication. 

[JeLu] N.P. Jewell and A.R. Lubin, Commuting weighted shifts and analytic function theory in several variables, J. 

Operator Theory 1(1979), 207-223. 
[Smu] Ju. L. Smul'jan, An operator Hellinger integral, Mat. Sb. (N.S.) 49 (1959), 381-430 (in Russian). 
[Sta] J. Stampfli, Which weighted shifts are subnormal?, Pacific J. Math. 17(1966), 367-379. 
[Wol] Wolfram Research, Inc. Mathematica, Version 4.2, Wolfram Research Inc., Champaign, IL, 2002. 

Department of Mathematics, The University of Iowa, Iowa City, Iowa 52242 
E-mail address: rcurto@math.uiowa.edu 
URL: http : //www . math . uiowa . edu/~rcurto/ 

Department of Mathematics, Iowa State University, Ames, Iowa 50011 
E-mail address: yoon@math.uiowa.edu 
URL: http : //math. uiowa. edu/~yoon/ 



20 



